ANALOGIES BETWEEN GROUP ACTIONS ON 
3-MANIFOLDS AND NUMBER FIELDS 
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C ' Abstract. Let a cyclic group G act either on a number field L or on a 

^ ' S-manifold M. Let Sl be the number of ramified primes in the extension 

L C L and sm be the number of components of the branching set of 
[^ ' the branched covering M -^ M/G. In this paper, we prove several for- 

mulas relating sl and sm to the induced G-action on Cl(L) and Hi{M), 
respectively. We observe that the formulas for 3-manifolds and number 
fields are almost identical, and therefore, they provide new evidence for 
the correspondence between 3-manifolds and number fields postulated 
(~| ■ in arithmetic topology. 

This is an extended version of a paper which will appear in Comm. 
Math. Helv. 
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1. Introduction and statement of the main results 

Denote the ring of algebraic integers in a number field K by Ok- Mazur's 
calculations of the etale cohomology groups of rings of algebraic integers. 
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[Ma2], show that for number fields K the groups H2tiSpecO^,Gm) vanish 
(up to 2-torsion) for n > 3, and that they are equal to Q/Z for n = 3. 
Since, furthermore, the groups H*^{Ok, Gm) satisfy Artin-Verdier duality 
which is reminiscent of 3-dimensional Poincare duality, B. Mazur and D. 
Mumford suggested a surprising analogy between the spaces SpecOK and 
3-dimensional manifolds. The points in Spec Ok (which are immersions 
of the finite residue fields Ok/P into Ok) can be viewed as 1-dimensional 
objects and hence compared to knots in a 3-manifold. Note that the funda- 
mental group of a circle is Z and the absolute Galois group of a finite field 
is the profinite completion of Z. Further analogies between number fields 
and 3-manifolds were described by B. Mazur, A. Reznikov, M. Morishita 
and others in [Mai, Mol, Mo2, Ra, Rl, R3, Wl], making a foundation for 
"arithmetic topology." At the heart of it lies a "dictionary" (which we call 
the MKR dictionary after Mazur, Kapranov, and Reznikov) matching the 
corresponding terms from 3-dimensional topology and number theory, [R2]. 
Despite its limitations and inconsistencies, the dictionary can be used for 
translating statements from 3-dimensional topology into number theory, and 
vice versa, often with a surprising accuracy. We describe the basic version 
of the MKR dictionary in Section 2, compare [R2]. (Further details can be 
found in [Si].) 

In this section we state the main results of this paper, which were moti- 
vated by the following two problems: 

Let Cp be a cyclic group of prime order p. 

Problem T: Let Cp act on a smooth, closed, connected, oriented 3- 
nianifold M by orientation preserving diffeomorphisms. In this situation 
the projection tt : M ^ M/Cp is a branched covering. Given the induced 
Cp-action on the torsion and free parts of Hi{M, Z), denoted by HtoriM) and 
Hfree{M) = Hi{M,Z) / HforiM) , find the best lower and upper estimates on 
the number, s, of components of the branching set. 

Upon translation into number theory. Problem T assumes the following 
form: 

Problem N: Let Cp act on a number field L and let K = h p. Given 
the induced Cp-action on the ideal class group, Cl{L,), and on the group of 
units, 0£, find the best lower and upper estimates on the number of ramified 
primes in the extension K C L. We will denote by sq and s the numbers of 
finite ramified primes and all ramified primes (including the infinite ones), 
respectively. (For p ^ 2, sq = s). 

Our particular interest in these two problems stems from the fact that 
none of them has an elementary solution, and furthermore, our solutions 
are based on methods which are beyond the current scope of arithmetic 
topology. Therefore, we hope that the consideration of these two problems 
will provide a new insight into arithmetic topology. 
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According to the MKR dictionary (Section 2.2), Htor{M) and HfreeiM) 
correspond to Cl(L) and O^/torsion, respectively. For that reason, we will 
denote the latter two groups by HtoriJ^) and Hfreei^)- 

Let ¥p denote the field of p elements. 

Theorem 1.1. (1) Under the assumptions of Problem T, and the additional 
assumption Hfree{M/Cp) = 0, we have 

S<1 + dimv^ H\Cp, Htor{M)) + dimf^ H\Cp, Hfree{M)). 

(2) Under the assumptions of Problem N 

So < 1 + dinif^ H'^iCp, Htori^)) + diniYp H^{Cp, HfreeC^))- 

Recall that if H is an abelian group with a Cp-action, Cp =< t\tP = 1 >, 
then H'{Cp, H) = KerN/ImS for odd i > and H'{Cp, H) = KerS/ImN, 
for even i > 0, where N and S are homomorphisms from H to H given by the 
multiplication by 1 + r + ... + t^"^ and by r — 1, respectively. Furthermore, 
the method of Herbrand quotient ([Ko, Prop. 2.53]), implies that 

(1) H\Cp,H)^H\Cp,H) 

for finite H. 

We do not have a satisfying explanation for the coincidence of the for- 
mulas of Theorem 1.1. Their proofs (given in Sections 3 and 4) are based 
on two very different methods. Examples 5.2 and 5.1 show that the extra 
assumption of Theorem 1.1(1) is necessary and its inequality cannot be im- 
proved. Similarly, the inequality of (2) cannot be improved - see comments 
following Theorem 1.3. 

Here is an upper bound for s, which does not need the additional assump- 
tion of Theorem 1.1(1). 

Theorem 1.2. Under the assumptions of Problem T, 

s < l + dim^^H\Cp,Hi{M))+dim^^H\Cp, HfreeiM)). 

Searching for lower estimates for s one encounters the following prob- 
lem: A G-action on a 3- manifold M induces G-actions on Hi{M), HtoriM), 
and HfreeiM). However, i?i(M,Z) and HfreeiM) HtoriM) do not need 
to be isomorphic as G-modules! (See Example 5.2). Since this problem 
does not occur in number theory, the next result requires that i7i(M, Z) = 
HfreeiM) © HtoriM) as G-modules. 

Theorem 1.3. (1) If conditions of Problem T are satisfied, s > 0, and 
HiiM,Z) = HfreeiM) ® HtoriM) as Cp-moduks then 

s > 1 + dinif^H^Cp, HtoriM)). 

(2) If conditions of Problem N are satisfied, s > 0, and Cl{K) has no ele- 
ments of order p then 

s > 1 + dim^^H'^iCp, HtoriM). 
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Corollary 1.4. (1) If Htor{M/Cp) has no elements of order p then 

p-toriHtoriMf") =i^/py, 

for some d. (p-tor denotes the p-torsion part of the group.) Furthermore, 
under the conditions of Theorem 1.3(1), d < s — 1. 
(2) If Htori^) has no elements of order p then 

p-tor{Htor{l^f') = {I^/pf. 
Furthermore, under the conditions of Theorem 1.3(2), d < s — 1. 

Proof. (1) Note that 

H\Cp, HtoriM)) = p-tor {HtoriMf") /p-tor (ImN) . 

Now the result follows from the fact that N = vr^vr* : HtoriM) -^ HtoriM), 

where tt* : HtoriM) -^ HtoriM /Cp), cf. Sec. 2.6. 

The proof of (2) is identical. D 

To illustrate these results we consider quadratic number fields. Let L = 
Q(va) where d > is a square-free integer. GaZ(L/Q) = C2 acts on CZ(L) 
by the involution/^ /-I. Hence, by (l),//i('^2,C/(L)) = H^iC2,CliL)) = 
CliLi)^'^. A simple calculation yields i/^(C2,i//ree(^)) = ^2 and, therefore, 
Theorems 1.1(2) and 1.3(2) imply the following estimates (similar to a for- 
mula of Gauss): 

1 < s - dimFa C/(L)'^2 < 2. 

These estimates cannot be improved. In fact s — dinif^ C/(L) ^ is either 1 
or 2 depending if the norm of fundamental unit in O^ is —1 or 1 (d = 10 
represents the first case, d = 15 the second). 

The topological examples are more laborious and, therefore, they are post- 
poned to Section 5. Example 5.2 shows that the extra assumption in The- 
orem 1.3(1) (saying that i/i(M,Z) = HfreeiM) © HtoriM) as (7p-modules) 
is necessary and that the inequality of Theorem 1.3(1) is sharp. 

The situation with cyclic extensions of Q of dimensions greater than 2 
is much simpler. The following generalization of the Gauss formula follows 
from [La2, Lemma 13.4.1]; see also our proof enclosed in Section 4. 

Theorem 1.5. If L, is a Galois extension o/Q of prime degree p ^ 2 then 

Htor-m'^^ = ii^/py-^- 

The topological counterpart of the above formula is the following restate- 
ment of a result due to Reznikov, [R3, Thm. 15.2.5]. This result follows 
from our Theorems 1-1(1) and 1.3(1) and from the fact that HfreeiM) = 
implies HfreeiM/Cp) = by inequality (2) in Section 2.6. 

Corollary 1.6. If M is a rational homology sphere, HtoriM /Cp) = 0, and 
s / then 

HtoriM)""- = iTLjpf-K 
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Example 5.1 shows that the assumption Hfree{M) = is necessary. 

Despite the fact that all above formulas are pairwise identical we do not 
know any uniform proof of them. In fact, the statements concerning group 
actions on manifolds are proved by calculations on the Leray-Serre spec- 
tral sequence for equivariant cohomology, and the statements concerning 
Problem N are proved using local methods (ideles) and class field theory. 
This suggests that the results of class field theory used in the proof can be 
interpreted in terms of 3-dimensional topology. (This suggestion was for- 
mulated before, for example by B. Mazur and A. Reznikov). Analogously, 
one might expect that equivariant cohomology can be formulated and used 
in the framework of number theory. 

Acknowledgments: We would like to thank C. Allday, J. Hempel, N. 
Ramachandran, and L. Washington for helpful conversations. Additionally, 
we express our special thanks to R. Schoof for suggesting the method of 
proving Theorems 1.1(2) and 1.3(2), and the referee of this paper for pointing 
out [CH] as a basis of an alternative approach to proving these results. 

2. Arithmetic topology 

2.1. Algebraic number fields. Let K be an algebraic number field, i.e. 
a field which is a finite extension of Q. The elements of K which are roots 
of monic polynomials in 7j[x] are called algebraic integers and form a ring 
denoted by Ojc. For example, Oq = Z, Oof^) = Z[V"] for d ^ I mod 4, and 

^0(\/d) ~ ^[ 2 ] otherwise. The two most important groups associated 
with K are the group of units of Ok denoted by O^ and the ideal class 
group, Cl(K). The latter group is composed of all non-zero ideals in Ok 
considered up to an equivalence ~, such that / ~ J if and only if / = c • J, 
for some c G K*. The multiplication of ideals in Ok provides Cl(K) with a 
structure of an abelian group. This group is always finite. Ok is a principal 
ideal domain if and only if Cl(K) is trivial. Since principal ideal domains 
coincide with unique factorization domains in the class of Dedekind domains 
(which includes the rings Ok), Cl(K) measures the extend to which these 
two properties fail for Ok. 

An introduction to algebraic number theory can be found for example in 
[FT, Ja]. 

2.2. MKR dictionary. Kapranov and Reznikov, building on ideas of Mazur, 
proposed the following dictionary matching corresponding terms from 3- 
dimensional topology and number theory: 

(1) Closed, oriented, connected, smooth 3-manifolds correspond to alge- 
braic number fields. (More precisely, 3-manifolds correspond to the 
schemes SpecO^, where K's are algebraic number fields). 

(2) A link in M corresponds to an ideal in Ok and a knot in M cor- 
responds to a prime ideal in Ok. (We consider only tame links and 
knots). Note that, knots can be represented by immersions of S^ into 
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M, and prime ideals in Or can be identified with closed immersions 
Spec¥ -^ SpecOK, where F's are finite fields. Each link decomposes 
uniquely as a union of knots and each ideal decomposes uniquely as 
a product of primes. 

(3) An algebraic integer w £ Ok is analogous to an embedded surface 
(possibly with boundary) S C M. The operation w -^ (w) < Ok 
corresponds to S* ^ dS. Note that ideals of the form (w) represent 
the identity in Cl(K), and the links of the form dS represent the 
identity in Hi{M,Z). 

(4) A closed embedded surface F C M is analogous to a unit in Ok- 

(5) Cl(K) corresponds to the torsion part of Hi{M,Z), denoted by 

HtoriM). 

(6) the group of units in Ok modulo the torsion (the roots of unity), 
Oyn{K), corresponds to Hfree{M) = Hi{M,Z)/Htor{M). 

(7) Finite extensions of number fields K C L correspond to finite branched 
coverings of 3-manifolds ir : M ^ N. (The branching set may be 
empty.) 

(8) Each Galois extension K C L with Ga/(L/K) = G induces the mor- 
phism SpecOi^ -^ {SpecOi^)/G = SpecOK- Such maps correspond 
to the quotient maps M -^ M/G induced by orientation preserving 
actions of finite groups G on 3-manifolds M. One can show that M/G 
is always a 3-manifold and that the maps M -^ M/G are branched 
coverings. (However, if G is not cyclic then one needs to consider 
here a broad class of branched coverings whose sets of ramified points 
may be graphs.) 

(9) S^ corresponds to Q. The 3-sphere has no non-trivial (unbranched) 
covers. Similarly, Q has no non-trivial unramified extensions. (Ram- 
ified extensions are defined in Section 2.5.) 

(10) Let ^pn be a primitive p^-ih root of 1, where p is prime. The exten- 
sion Q C Q('^p") is ramified at p only. Such extensions correspond 
to the cyclic branched covers of knots in S^ . The infinite cyclotomic 
extension Q C Q('^p°o) = Un Q(?p") corresponds to the infinite cyclic 

cover of a knot complement, S^\1C. There is a natural action of Z 

on Hi{S^ \ /C) and a natural action of the p-adic integers on the 
p-torsion of Cl{Q{^poa)) = lim^ C/(Q(,^pn)). These actions give rise 
to the Alexander polynomial of /C and the characteristic polynomial 
of p, cf. [Mai]. For an exposition of Iwasawa theory including more 
information on characteristic polynomials see [Ws]. 

This basic version of the dictionary is based on the preprint [R2] . (In its 
published version, [R3], Reznikov introduces a different dictionary in which 
number fields correspond to "3 2 -manifolds." We will not discuss it here since 
our results do not support his new dictionary.) Our more precise version of 
the dictionary can be found in [Si]. 
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Despite the above analogies, one should not expect to find a bijection 
between number fields and 3-nianifolds. Hence, Q(v5) does not correspond 
to any specific 3-nianifold. Furthermore, we will see later that the existence 
of a bijection between number fields and 3-manifolds fulfilling the conditions 
of the MKR dictionary would disprove Poincare conjecture, cf. [Ra]. Nev- 
ertheless, we believe that there exists a theory which encompasses (at least 
partially) both algebraic number theory and 3-dimensional topology. 

2.3. Galois extensions and Galois branched covers, I. 

Let G = GaZ(L/K) and let q be a prime ideal in Ol. The decomposition 
group of q, Dq C G, is the group of elements of G preserving q, 

^q = {5 G G : <7(q) = q}- 

The quotient Ol/^ is a finite field and the image of the homomorphism D^ -^ 
Gal{Oi^/(\) is composed of exactly those automorphisms of Ol/^ which fix 
the subfield Ok/Pj where p = Ok n q. The kernel of this homomorphism, /q, 
is called the inertia group of q. Hence, we have the following exact sequence, 

^ /q ^ Dq ^ Gal (OL/q/OK/p) ^ 0. 

The order of /q, denoted by Cq is called the ramification index of q. The 
order of Gal (OL/q/OiK/p) will be denoted by /q. 

Assume now that a finite group G acts on a 3-manifold M and that 
TT : M ^ M/G is a branched covering (ie. assume that the branching set of 
TT is a link). The subgroup D]q C G composed of elements mapping a knot 
/C C M to itself will be called the decomposition group of /C. Assume that 
the action of Dx. on /C is orientation preserving. In this situation the image 
of the natural homomorphism D]q -^ Homeo(/C) is exactly the group of deck 
transformations, Gal{IC/IC'), of the covering /C ^ /C' = IC/D/c- By analogy 
with the number theory, the kernel of this homomorphism, I/c, is called the 
inertia group of /C. As before, we have the following exact sequence: 

0^ Ijc^Dic^ Gal{IC/IC') -^ 0. 

We denote the orders of I/c and of Gal{}C/)C') by e/c and fic- We will 
call Cq the ramification index of /C. Note that both Gal (Oi^/q/O^/p) and 
Ga/(/C//C') are always cyclic groups. 

2.4. Galois extensions and Galois branched covers, II. 

As before, let q be a prime ideal in Oj^ and let p = q n Ok, G = Ga/(L/K). 
The ideal pOl <i Ol decomposes uniquely as a product of prime ideals, 
pi^i • ... • pg^", where ei is the ramification index of pj (defined in the previous 
section) and q is one of the ideals pi, ...,pg. 

Theorem 2.1. (see eg. [FT] Theorem III. 20) Under the above assumptions, 

• G acts transitively on pi, ...,pg, 

def def 

m ei = ... = eg = e and /p^ = ... = /p^ = /; 

• \G\ = efg. 
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Let G act on a 3-nianifold M such that tt : M ^ M/G is a branched 
covering. Consider a knot /C in M such that KL/G is a knot in M/G which is 
either a component of the branching set or it is disjoint from the branching 
set. In this situation, 7r~"^(/C) is a hnk in M whose components we denote 
by /Ci,...,/Cg, 

7r-i(/C) =/CiU... U/C^. 

We leave to the reader the proof of the fohowing theorem analogous to 
Theorem 2.1 

Theorem 2.2. Under the above assumptions, 

• G acts transitively on ICi, ...,ICg; 

def def 

• eici = ••• = eiCg = e; J/c-^ = ... = JKg = J', 

• ICI = efg. 

2.5. Split, ramified, and inert primes and knots. A prime q <i Ol is 
ramified in a Galois extension K = L C L if eq > 1, q is split if eq = /q = 1, 
and q is inert if Cq = 1, /q = |G|. 

Consider now a Galois branched covering vr : M ^ M/G and a knot 
/C C M satisfying the assumptions of the previous section. By analogy 
to the number theoretic terminology, we will say that /C is ramified in the 
branched covering vr if e^: > 1, /C splits if e^: = /yc = 1) and /C is inert if 
eic = 1, fic = \G\. Observe that /C is ramified if and only if it is a component 
of the branching set. 

If G = Gp then each prime q < Ol and each knot /C C M is either split, 
inert, or ramified. If p = q n Ok then q is 

• split if pOl = li • ••• • (\p, where qi, ..., qp, are different primes, one of 
which is p. In this situation Cp cyclically permutes these primes. 

• ramified if pOl = q^- In this situation Cp fixes the elements of q. 

• inert if pO^ = q. In this situation Cp acts non-trivially on q. 

If G = Cp then vr : M ^ M/G is a branched covering. If /C C M satisfies 
the assumptions of the previous section then /C is 

• split if 7r~-^(/C/G) = /CiU...U/Cp, where /Ci, ...,/Cp are different knots 
one of which is /C. In this situation Cp cyclicly permutes these knots. 

• ramified if IC/G is a component of a branching set. In this situation 
Cp fixes TT-H/C/G) =/C. 

• inert if 7r~^(/C/C) = /C and the Cp-action on /C is non-trivial. [Cp 
rotates /C by the angle 27r/p). 

Theorem 2.3. Consider a Galois extension K C L, G = Ga/(L/K), and a 
Galois branched covering tt : M ^ M/G. 

(1) There are only finitely many ramified primes in Ol ci'Ttd ramified 
knots in M; 

(2) There are infinitely many split primes in Ol and infinitely many 
split knots in M; 
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(3) // G is cyclic then there are infinitely many inert primes in Ol and 
infinitely many inert knots in M. 

(4) If G is not cyclic then there are no inert primes nor inert knots. 

(5) If G is cyclic of prime order then each knot and prime is either 
split, ramified, or inert. (Recall that we consider only knots /C C M 
such that IC/G is a knot in M/G which is either a component of the 
branching set or it is disjoint from the branching set). 

The proof of the topological statements of Theorem 2.3 is left to the 
reader. Proof of number theoretic statements: 

(1) follows from [Ja, Theorem 7.3]. 

(2) q is split if and only if Dq = {!}, and hence, if and only if, q is not ramified 

and its Frobenius, —^ , is trivial. By Chebotarev's density theorem, [Ko, 

Thm. 1.116], there are infinitely many such primes. 

(3) If G is cyclic then by Chebotarev's density theorem there are infinitely 
many unramified primes q <i Ol whose Frobenius is a generator of G and, 
hence, Dq = G. Each such q is inert. 

(4) If q is inert then G = Dq = Ga/(L/q/K/p) is cychc. 

(5) By Theorem 2.1, efg = p. Hence exactly one of the indexes e,f,g is 
equal to p. D 

Note that the MKR dictionary together with the analogy between split, 
ramified, and inert primes and knots is sufficient to translate a version of 
Poincare conjecture into a statement in number theory. The Poincare conjec- 
ture states that S"^ is the only closed 3-manifold with no unbranched covers. 
However, the geometrization conjecture implies a stronger statement: S^ 
is the only closed 3-manifold with no finite unbranched covers. Somewhat 
surprisingly, its algebraic translation: "Q is the only number field with no 
unramified extensions" is false. However, only a few counterexamples are 
known and it is not known whether there are only a finite number of them. 

Theorem 2.4. (see eg. [Ws, Ex. 11-2]J If d < and the class group 
of Li = Q(v«) is trivial then L has no unramified extensions. There are 
precisely 9 such values of d : —1, —2, —3, —7, —11, —19, —43, —67, —163. 

2.6. Transfer and norm maps. For any G-action on M consider the 
map vr* : Hi{M,Z) -^ Hi{M/G,Z) induced by vr : M ^ M/G and the 
transfer map vrj : Hi{M/G,'L) -^ Hi{M,7j) defined as follows: For any 
X G Hi{M/G,Z) represented by a closed curve c disjoint from the branch- 
ing set, TT^ix) = [tt-^{c)] £ Hi{M,Z). 
The induced maps 

vr, : Hfree{M,Z) -^ Hfree{M/G,Z), TT, : Htor{M,Z) ^ Htor{M/G,Z), 
vrj : Hfree{M/G) ^ HjreeiM), TT^ : Htor{M/G) ^ Htor{M), 

satisfy the following conditions: 

(1) 7r*7rn is the multiplication by |G|. 

(2) 7rtt7r*(x) = Y.g(iG9-x. 
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In particular we have 

(2) rankHfree{M/Cp) < rankHfree{M). 

Given a Galois extension K C L, with GaZ(L/K) = G, we have the norm 
map TT* : Ol ^ Or, 7r*(a;) = WgfzcQX and the embedding vrj : Ok "-^ Ol- 
The induced maps vr* : Hfreei^) -^ ^/ree(If^) and vrj : Hfj-eeO^) -^ ^/ree(IL) 
satisfy properties identical to those above: 

(1) 7r*7rj(x) =xl'^l. 

(2) 7rj7r*(x) = n3gG5'a; 

Furthermore, we can define ir^ and vr* for ideals: tt^{I) = I • Oi^ for / <i Ok, 
and TT^:{J) = YIu^qQJ for J<iOl. The induced maps 

TTft : Cl{K) -^ C/(L), vr, : C/(L) ^ C/(K), 

once again satisfy the conditions 

(l)7r,7rtt(/)=/l^l, 

(2) 7:iMl)=UgeG9l- 

3. Cyclic group actions on manifolds 

In this section we will prove the results concerning cyclic group actions 
on 3-manifolds which were announced in the introduction. As references for 
the homological algebra used in this section (group cohomology and spectral 
sequences) we recommend [Bro, We]. 

3.1. Algebraic preliminaries. Let Z(p) denote the ring of integers local- 
ized at (p), p prime. 

Proposition 3.1. IfV is a free ahelian group and an indecomposable ZlCp]- 
module then V ^Tjtp-^ is isomorphic to one of the following Zrp\[Cp]-modules: 

(F) the free module Z(^p)[Cp], 
(T) the trivial module, Z^p\, or 
(AI) the augmentation ideal, Ker e, for e : Z(^p^[Cp] -^ Z(p), £{g) = 1- 

The proof follows from the classification of indecomposable Cp-representations 
over Z, due to Diederichsen and Reiner, [CR, Theorem §74.3]. D 

For any Cp-module V the cohomology groups H^{Cp, V) for i > depend 
on the parity of i only and 

H^^iCp, V) = H\Cp, V), H^^'-HCp, V) = H\Cp, V), for n > 0, 

are linear spaces over the field of p-elements, ¥p. Here H*{Cp,V) denotes 
the Tate cohomology groups. 

The type of a Z[Cp]-module V (as described in Proposition 3.1) can be 
determined by the Tate cohomology of Cp with coefficients in V. If F is a 
free abelian group and an indecomposable Z[Cp]-module then V is of type 

(F) iff H\Cp, V) = Oiori = 0, 1, 

(T) iff H^iCp, V) = Z/p, H\Cp, V) = 0, 
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(AI) iff H^{Cp, V) = 0, H\Cp, V) = Z/p. 

Any Cp-module V gives rise to two other Cp-niodules, V* and V"^ , defined 
as follows: V* = HomiV, Z), and g £ Cp acts on Hom{V, Z) by sending /(•) 
to fig"^-)- The second module, F*, is equal to V as an abelian group and 
the action of g' G Cp on f G V^ is given by g~^v. 

Lemma 3.2. For any Cp-module V, 

(l)H*{Cp,V*) = H*{Cp,V) 

(2) if V is a free abelian group then H*{Cp, V*) = H*{Cp, V). 

Proof. (1) As before, let r be a generator of Cp and let A^, S* : y ^ y 
be given by -Yl^Zo ''"* ^^^ by -(r — 1) respectively. H'^{Cp,V) is equal to 
Ker N/Im S or Ker S/Im N, depending if n is odd or even. Similarly, 
H'^{Cp,V'^) is equal to Ker N"^ /ImS"^ or Ker S'^/ImN'^, depending if 
n is odd or even, where N''^,S'^ : V ^ V are given by • X^f^g ''""* ^^'^ 
by -(r^^ — 1) respectively. Now (1) follows from the fact that N"^ = N, 
Ker S"^ = Ker S, and Im S"^ = Im S. 

(2) Let V = U^. Since il*{Cp, V) is a p-group, Tor{H*{Cp, F),Z(p)) = 
(see [We, Calculation 3.1.1]) and by the universal coefficient theorem, 

H\Cp, V Z(p)) = H\Cp, V) Z(p) = H\Cp, V). 

Therefore, it is sufficient to show that V <S> '^u) and Hom{V, Z) <^ '^(p) ^'^^ 
isomorphic as Cp-modules, and for that it is enough to consider indecom- 
posable Cp-modules V only. Such modules are classified in Proposition 3.1. 
We leave it to the reader to check that in each of the three possible cases 
we get 

V (g) Z(p) ~ Hom{V (gi Z(p), Z(p)) ~ Hom{V, Z) (g) Z(p) 

as needed. D 

3.2. Equivariant cohomology and Leray-Serre spectral sequence. 

Let (A, ^4) be a relative Cp~CW-complex. In other words, let A be a CW- 
complex with a Cp-action, ^ be a subcomplex, and let the Cp-action on A 
preserve A and be compatible with the CW-structure on A. Additionally, 
we require that if 5 G Cp maps a cell a C A into itself then g acts trivially 
on a; compare [AP]. For any smooth Cp-action on a manifold M, (M, M p) 
is a relative Cp-CW-complex, [II]. 

Denote the cochain complex for the cellular cohomology of (A, A) with 
coefficients in Z by {C*{X,A),5). Let {P*,5') be a complete projective res- 
olution of Z considered as a Z[Cp]-module with the trivial Cp-action, cf. 
[Bro, Ch. VI.3]. Then D**{X,A) = H omj^[c,]iP* , C* (X , A)) is a double 
complex with two differentials (a) 5y = 6 : D'''-{X,A) -^ D^''+^(A, ^) and 
(b) 5h : D''^{X,A) -^ D''+^'\X,A) dual to 6'. The cohomology of the asso- 
ciated total complex, 

k+l=s 
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d{a) = dh{a) + (-l)^4(a), for a G D^^ 

is the Tate equivariant cohomology. 

Consider the "first" spectral sequence (-B** (X, A) , d* ) associated with 
{D**{X, A), 5/i, 5^), induced by the vertical filtration, cf. [Sw]. Its first term 
is Ef{X,A) = H''{X,A;Z), for all k,leZ. 

The next two results describing the properties of {El* {X , A) , d^:) belong 
to the folk knowledge. 

Lemma 3.3. If X is a connected Cp-CW-complex and X ^ ^ 0, then all 
differentials d*'^~ : E*'^~ (X) -^ E*^{X) are for r > 2. (In other words, 
the 0th row of E2*{X) survives to infinity). 

Proof. Let {*} denote the one point space and let xq be a zero cell in X p. 
The Cp-equi variant maps: * ^ xq : {*} ^ X and X ^ {*} induce maps 

{E;*{*),dr) ^ {Er{X),dr) ^ {Er{*),dr), 

whose composition is the identity. Ef{X) = II'^{Cp,H^{X,Z)) is either 
or ¥p. Hence, if dr'^~ : Er'^~ {X) -^ Er ^' {X) is not for some k,r 



then Ej^^l' (X) = and Er ^' (X) = ¥p. Hence, k + r is even and, hence, 
£;^+['0(*) = Fp. Therefore 

e;x,{*) ^ E;i,ix) ^ E;i,i*) 

cannot be the identity. D 

Lemma 3.4. // {M,B) is a Cp-CW-coniplex such that M is a connected, 
closed, oriented n-manifold and B is an n- dimensional ball then all differ- 
entials dp"' : Er'"{M) -^ E*'"'~^ (M) are for r > 2. (In other words, the 
n-th row of E2*{M) survives to infinity). 

Proof (due to T. Skjelbred). The sequence of cochain complexes 

C* (M, M \ int B) -^ C* (M) -^C*{M\ int B) 

induced by the embedding M \ int B ^^ M yields a sequence of spectral 
sequences 

E;* (M, M \ int B) ^ E;* (M) -^ E;* (M \ int B) 

which is exact for r = 1. Since El'^{M \ intB) = H'^{M \ int B) = 0, the 
map af : ^i*"(M, M \ intB) -^ El''{M) is onto. 
Since 

Ef{M,M\intB) = H^{M,M\intB) = H^{B''\dB'') = Hn-k{B"), 

all non zero elements of E**{M, M\int B) for r > 1 lie in the nth row. Since 
Ur commutes with differentials and all differentials in E** (M, M \ int B) are 
for r > 2, d*'" : EV"{M) -^ £;*'""''+\m) is zero for r > 2. D 
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3.3. Cyclic group actions on 3-nianifolds. Let M be a smooth, con- 
nected, closed, oriented 3-nianifold with a smooth orientation preserving 
Cp-action with a fixed point. 

By the result of Illman [II] recalled above, M can be given a structure of 
a relative Cp-CW-complex. Furthermore, since M'-^p ^ 0, one may assume 
that there exists a Cp-CW-subcomplex B of M homeomorphic to a 3-ball. 
In this situation, the second term of -E** (M) is: 

Fp ¥p 

... H^{Cp,HHM)) H\Cp,H\M)) H\Cp,H\M)) ... 

... H\Cp,H\M)) H\Cp,H\M)) H%Cp,H^M)) ... 

¥p Fp 

By Poincare duality H^{M,Z) = Hi{M,Z)*, H\M,Z) = Hfree{M)* as 
Cp-modules, and by Lemma 3.2, 

H^{Cp,H\M,Z)) ^ H^{Cp,Hi{M,Z)), 

^ ' H^{Cp,H\M,Z)) ~ H"{Cp,Hfree{M,Z)). 

Let 

^^ : H^{Cp,Hi{M,Z)) ^ H^{Cp,Hjree{M)) 

denote the homomorphism given by the composition of d!^'^ : £"2 ' -^ £"2 ' 
with the isomorphisms (3). One needs to be aware that ^" is not the map 
induced by the natural homomorphism Hi(M,Z) -^ Hfree{M). 

Theorem 3.5. If M^f 7^ (p prime) then M^p is a union of s circles, 
where 

s = 1 + dimvp Ker *" + dimf^ Cairn *""\ 
for any n. 

Before giving the proof we note that this result immediately implies The- 
orem 1.2. It also implies Theorems 1-1(1) and 1.3(1) : 

Proof of Theorem 1.1(1): If Hfree{M/Cp) = then by property 
(2) of the transfer map (cf. Subsection 2.6) HfreeiM) is annihilated by 
J2neC 9- -^y Proposition 3.1, Hfred^) ^ ^(p) is a sum of three types of 
indecomposable Z(p-)[Cp]-modules. Since Kere is the only indecomposable 
Z(p) [Cp]-module which is annihilated by "^^^c 9^ ^/ree(Af) ^Zj-p) is a sum 
of modules of this type. We compute that H'^{Cp, Ker e) = 0. Since (XiZ(p) 
is an exact functor in the category of Cp-modules, H'^{Cp, Hfree{M)) = 
H'^{Cp, Hfree{M) (g) Z(p)) = 0. Now, the short exact sequence 

^ HtoAM) ^ Hi{M) ^ HfreeiM) ^ 

implies that 

dimw, H\Cp, Hi{M)) < dimw, H\Cp, Htor{M)). 
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Therefore, Theorem 1.1(1) fohows from Theorem 1.2. D 

Proof of Theorem 1.3(1): If Hi{M,Z) = Hfree{M) © Htor{M) as 
Cp-modules, the dimension of Ker ^" is bounded below by 

dim^^H'\Cp, Hi{M)) - dim^^H^\Cp, Hfree{M)) 
= dimw^H''{Cp,Htor{M)). 

n 

We complete this section by proving Theorem 3.5. 

By Lemmas 3.3 and 3.4 all differentials in the spectral sequence {E*'*{M),dr), 
for r > 2, are except possibly 4^ : Elf{M) -^ E^'^'^'^{M). Therefore, 

Y^ E^{M) = ¥p+Kerd2~^'^+Coimd2~^'^ ^ Fp+i^er *"-2+C7oim^"-3. 

k+l=n 

Since {E:*{M),d.) converges to H*c^{M, Z), H^^{M, Z) and Zk+i=n ^^(^) 
have equal numbers of elements. By the Localization Theorem, [Bro, Ch. 
VII Prop. 10.1], H^^{M,Z) = H'g^{M'^p,Z). Since M'^p is composed of 
circles. Theorem 3.5 follows from the following lemma. 

Lemma 3.6. H^^{M'^p^Z) = F^, for any n. 

Proof. Since the Cp-action on M^p is trivial, the total complex of {D** (M'-^p), 5, 5') 
is isomorphic to {P*) (X" {C*{M p,Z),6*) where (P*) is the cochain com- 
plex -^ Z ^ Z A Z ^ ... Hence, by Kiinneth formula, H^^{M'^p,Z) = 
H'^{D**{M'^p)) is equal to 

H^{P*)®H\M^p,Z)+ Tori{H^{P*),H\M^p,Z)). 

k+l=n k+l=n+l 

Since H^{P*) is either Fp or depending if k even or odd, the proof follows. 

D 

4. Cyclic group actions on number fields 

In this section we prove Theorems 1.1(2), 1.3(2), and 1.5 stated in the 
introduction. The proofs use class field theory and they are based on the 
approach explained to us by R. Schoof. Although most of the necessary 
definitions will be stated in the course of the proof, we refer the reader 
unfamiliar with class field theory to [CF, Ko, Ja, Lai] for more background 
information. 

Let /(IK) denote the group of fractional ideals in K. Its elements are 
finitely generated OR-submodules of K, and the group product of Ii and I2 
is Ii ■ I2 C K. The fractional ideals generated by a single element are called 
principal and they form a subgroup P(K) C /(K). 

A valuation zv on K is a homomorphism z^ : K* ^ I^>0' such that i'(x+y) < 
i'{x) + i'{y) for x,y gM.* ,x + y ^ 0. The valuation i^ = 1 is called trivial, and 
from now on it will be ignored. Valuations 1^1,1^2 such that U2{x) = z^i(x)'^. 
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for some c > are called equivalent and the equivalence classes of valuations 
are called places. 

Any prime p in Ok induces the p-adic valuation, fp : K* ^ (0, oo) such 
that i'p{x) = (i~"p*-^', where d is any number greater than 1 and Vp{x) is the 
power of p in the prime decomposition of the fractional ideal (x). (Usually, 
d = JOl/pI-) Such valuations are called non-archimedean. Another type 
of valuations is induced by embeddings of K into M or C. If z is such an 
embedding then i/{x) = \i{x)\ is a valuation on K called archimedean. 

One studies properties of fields by considering either prime ideals in Ok 
or valuations on K. These two approaches are almost equivalent, since every 
valuation is given either by a prime or by an embedding, as above. For that 
reason, the embeddings z : K "^^ M and the pairs of conjugate embeddings 
z, z : K "^^ C are called infinite primes. The theory of extensions of valuations 
is analogous to the theory of extensions of prime ideals. 

Let Cp act on a field L and let K = L'-^p. Let sq denote the number of finite 
ramified primes (see Sec. 2.5) in the extension K C L and let Sqo denote 
the number of infinite ramified primes. An infinite prime z,z : L "^^ C is 
ramified if t(K) C M and z(L) <^ M. Infinite ramified primes may appear for 
p = 2 only. Let s be the number of all ramified primes, s = sq + Soo- 

Consider the group riiy^!^' where the product is taken over all places of 
L and L* is the group of non-zero elements in the completion of L with 
respect to ly. The group of ideles, II, is the subgroup of H!/^!^ composed of 
the elements {x^) such that Xi, £ (C'l)J^ for almost all places u. 

Consider the embedding L* -^ II mapping x to (xjy) where Xi, is the image 
of X under the completion map L -^ Lj^. The quotient, C(L) = Il/L*, is 
called the idele class group of L. 

Observe that if u is non-archimedean then pjy = {x G K*|z^(x) < 1} 
is a prime ideal in Ok and u is equivalent to the pj^-adic valuation. The 
completion of pi, in {Oi,)i, is the only prime ideal in (Ol)j^- Hence for each 
X G L* there exists fjy(x) G Z such that (x) = pZ" ■ Note that there is a 

homomorphism II -^ I(^) sending (xjy) to rij/Pi''' ; where the product is 
taken over all non-archimedean places. The kernel of this homomorphism, 
[/l, is called the group of idelic units. Notice that OJ embeds into Uj^. 

We have the following exact and commuting diagram in which all maps 
except the bottom horizontal ones are either defined above or obvious. 
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The existence of the bottom horizontal maps follows from the following 
lemma. The proof of it is left to the reader. 

Lemma 4.1. // the following diagram is exact and commutes 
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-^ Al2 - 
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- An - 


-^ A21 
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Aw 


A20 
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then there exist unique bottom horizontal maps making the diagram an exact 
commuting 3x3 diagram. 

Note that Cp acts on each of the 9 groups in (4). We need to calculate 
the cohomology groups of Cp with coefficients in these groups. 

{F* for i = n 
Ibp" for I = 1. 

Proof. 

u arch v nonarch 

is equal as a Cp-module to 



V' 
V' 



where the product is taken over all places z/ in K and 



M,, = i^H 



Wv\u' ^h V ^^ ^' ^^ non-archimedean 



•-V' 



Wy\yi L^ if v' is archimedean. 
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Since Cp is a simple group, a place zv in K either splits completely in L, or 
it is inert, or it is totally ramified. In the first case Cp acts on M^i by freely 
permuting its components and therefore 

In the second and third cases M^i is either 0£ ^ or L* and the cohomology 
groups of Cp with these coefficients have been calculated in Lemma 4 in 
[Lai, Ch. IX §3]: H*{Cp,M^>) = 0, if u' is inert, and 

H^iCp, M,) = Fp, H\Cp, M,) = \l '' ^; ^^ -^hi-dean 

I it p if 1/ IS non-archimedean 

for ramified u' . (Note that for archimedean valuations, the calculation re- 
duces to calculating H*{C2,C) where C2 acts on C by conjugation). Hence 

W{Cp, Uj^) = YlH\Cp,M,,) = W; or F^«, 

u' 

depending ifi = Oori = l. D 

One of the main results of class field theory is the calculation of the 
cohomology groups of Cp with coefficients in the idele class group (see [Lai , 
Ch. IX §5]): 

I U for I odd. 

The isomorphism H^{Cp,C{h)) = C{K)/NC{L,) -^ Cp = ¥p is given by 
the Artin map. If co ramifies in the extension K C L, 1/ = to^, then by 
the corollary after Theorem 4 [Lai, Ch. XI] the Artin map restricted to 
H^{Cp, OJ^) is also an isomorphism onto Cp. Therefore, if s > then the 
composition of the maps O^ ^ ^ f^L ^ II ^ C(L), induces an epimorphism 

H\Cp,OlJ^H^{Cp,C{h)). 

Hence, from diagram (4) we get: 

Corollary 4.3. If s > then the map 

H\Cp,UUOl) ^ H\Cp,Cih)) 

is an epimorphism. 

Therefore the bottom row of (4) yields the exact sequence 

H'^iCp, Uj^/Ol) ^ H'^iCp, C(L)) A H'>{Cp, Cl{h)) ^ H\Cp, U^Ol) ^ 

and, hence, 

H'^{Cp,Clih)) = H\Cp,UUOl). 
On the other hand, the left column of (4) gives the exact sequence 

H\Cp, Ol) ^ H\Cp, C/l) = F;-' ^ H\Cp, uuoi) 
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and, therefore, 

(5) so < dimp^ H\Cp, Cl(h)) + dimw^ H^Cp, Ol). 

Let /i* denote the torsion part of OJ (;U* is the group of roots of 1 in L). 
Since /x* is cychc, dinif^ H^{Cp,fi^) < 1. Finally, the sequence 

H\Cp,fx,) ^ H\Cp,Ol) ^ H\Cp,Ol/fi,) 

is exact, and therefore we have 

dimw^ H\Cp, Ol)<l + dim^^ H\Cp, i^/.ee(IL)). 

(Recall that Hfreei^) = Ol/a**)- This inequality together with (5) com- 
pletes the proof of Theorem 1.1(2). 

In order to prove Theorem 1.3(2) we need another fact from class field 
theory: 

Proposition 4.4. (due to R. Schoof) 

Ker{Cl{K) ^ CZ(L)) = Ker{H\Cp, Ol) ^ H\Cp, Uj^)). 
(TTjj : Cl(K) -^ Cl{L,) was defined in Sec. 2.6). 

Proof. Since the functor A^ -^ N'^'p on Cp-modules is left exact, the bottom 
horizontal row of (4) yields the exact sequence 

^ {UL/Olf" -^ C{hf^ -^ Cl{hf^. 

By considering a 3 x 3 diagram for K analogous to (4) we get the exact 
sequence 

^ Uk/OI ^ C{K) ^ Cl{K) ^ 

which together with the sequence above forms a commutative diagram 

0^ Uk/O*^ -^ C(K) ^ CliK) ^0 

(6) ii i i TTjj 

0^ {Ui^/Olfp -^ C{hfp -^ Cl{hfK 

By Proposition 8.1 in [CF], the central vertical arrow is an isomorphism. 
Hence, by Snake Lemma (cf. [We, Lemma 1.3.2]), 

(7) Kerir^ = Cokeri. 

Consider the long exact sequence of cohomology groups of Cp induced by 
the short exact sequence of coefficient groups 

^ 0£ ^ f/L ^ UUOl ^ 0. 

Since for any Cp-module N, H^{Cp, N) = N^p, and {Olfp = OJ, [U^fp = 
Uk, this long exact sequence gives rise to an exact sequence 

^ Uk/O^ ^ {UUOlfp ^ H\Cp,Ol) ^ H\Cp,Ui^ ^ ... 
where i coincides with the map i of (6). Hence, by (7), 

i^erTTj = Cokeri = {Ui^/OD ^ jKer g = Img = Kerh. 

D 
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Proof of Theorem 1.3(2): If Cl(K) has no elements of order p then, 
by Proposition 4.4, H^{Cp, 0£) embeds into H^{Cp, Uh) and hence the map 
H'^iCp, UJOI) ^ H\Cp, Ol) is 0. Therefore, H^{Cp, Uj^ ^ H\Cp, Ui^/Ol) 
is an epimorphism and by Lemma 4.2 

(8) s>dim^^H\Cp,Ui^/Ol). 

On the other hand, the bottom row of (4) and Corohary 4.3 yield the exact 
sequence 

= H\Cp,C{l.)) ^ H\Cp,Cm) ^ H\Cp,Ui^/Ol) ^ H\Cp,C{l.)) = ¥p. 

Hence 

(9) diruf^ H\Cp, Ui^/Ol) = 1 + dimf^H\Cp, C/(L)). 

Finally, by (1), H^{Cp, Cl{L,)) = H^{Cp, C/(L)). Therefore (8) and (9) imply 
Theorem 1.3(2). D 

Proof of Theorem 1.5: It is enough to prove that H^{Cp,OD = Fp, 
since then the statement follows from (5) and Theorem 1.3(2). Since the 
rank of Hfreei^) is at most p — 1, Proposition 3.1 implies that Hfreei^) ® 
Z(p) = Kere. Therefore, H^{Cp,Hfree(.^)) = H'^{Cp,Hfree{"^)(^'^(p)) = Fp. 
Additionally, since /U^'' = {±1}, we have H^{Cp, fit,) = 0, and, by (1), 
H^{Cp, fii,) = 0. Now it follows from the exact sequence ^ /hl ^ CJ ~^ 
Hf reeij-) -^ that H^Cp, Ol) = Fp. n 

5. Examples 

We end this paper with two examples of group actions on 3-manifolds 
illustrating various anomalies related to cyclic group actions on 3-manifolds. 
The first example shows that the inequality of Theorem 1.1(1) is sharp and 
that the assumption HfreeiM) = of Corollary 1.6 is necessary. 

Example 5.1. Consider a Cp-action on the lens space L(p,l) with two 
circles of fixed points. (L{p,l) is obtained from two handlebodies identified 
along their boundaries. Cp acts on each of these solid tori by rotation along 
their cores. These actions give rise to the desired Cp-action on L{p, 1).) Let 
U be an open ball in L{p, 1) such that U n gll = for all g ^ e in Cp. 

Consider now a Cp-action on S^ with one circle of fixed points. Let V 
be an open ball in S^ such that V fl gV = for all g ^ e in Cp, and let 
^ : dV -^ dU be any homeomorphism. By removing the balls gU from 
L(p, 1) and the balls gV from S^ and by identifying the boundary spheres of 
L(p, ^)\\J„gU and S'^\\J gV by the homeomorphisms g^g^^ : gdV -^ gdU, 
we obtain a closed 3-manifold M with a Cp-action. Since L{p, 1)/Cp = 
S^ and S^/Cp = 5^ we have M/Cp = L{p, l)/Cp#S^/Cp = S^. Simple 
calculations show that Hi{M) = Fp Z[^]/(l + ^ + ... + ^p~^), where Cp 
acts on Z[^]/(l + ^ + ... + $.^~^) by -^ and it acts trivially on Fp. Hence 
H'^iCp, Htor{M)) = Fp and H^{Cp, Hfree{M)) = Fp. In this example s = 3. 
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The second example shows that the assumption HfreeiM/Cp) = in 
Theorem 1.1(1) is necessary. Furthermore, it shows that the assumption in 
Theorem 1.3(1) saying that Hi{M) = Htor{M) © Hfree{M) as Cp-modules 
is also necessary. (Take n = 1, k = p below). 

Example 5.2. (based on an idea of J. Hempel) 

Let (j) he a Dehn twist on the torus T and let M^ be the 3-nianifold obtained 
from T X [0, 1] by identifying T x {0} with T x {1} via (f)^ . Assume that 
(j) fixes neighborhoods of points pi,...,pn and consider knots {pi} x S^ with 
the framing Vi x S^, where vi is an arbitrary tangent vector to T at pi. By 
performing the surgery along these framed knots we obtain a new manifold 
Mk,n- If P divides k then the map {x,t) -^ {cl){x) '^,t + 1/p mod 1) defines 
a Cp-action on Mk which survives the surgery. We have Hi{Mk,'^) = Z © 
Z©Z//c and iJi(Mfc,„,Z) = Z"©Z/A;, for n > 1. Furthermore, iJi(Mp,„,Z) 
decomposes as a Cp-module into a sum Z"^^ © Z © Z/p, with the trivial 
action on the first summand and the action 

Z © Z/p ^ Z © Z/p, {x, y) ^ (x, X + y) 

on the second summand. For this action H'^{Cp,Htor{Mp,n)) = IF 



H^ (Cp, Hfreei^p,n)) = 0, and s = n. Note also that Mp^n/Cp = Mi^„. 
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